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In this paper, we consider strongly bounded linear operators on a ﬁnite dimensional
probabilistic normed space and deﬁne the topological isomorphism between probabilistic
normed spaces. Then we prove that every ﬁnite dimensional probabilistic normed space
which is a topological vector space is complete.
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1. Introduction and preliminaries
The theory of probabilistic normed spaces (brieﬂy PN spaces) was introduced by A.N. Šerstnev in 1963. PN spaces were
redeﬁned by Alsina, Schweizer and Sklar in 1993 [1]. In the sequel, we shall adopt the usual terminology, notation and
conventions of the theory of PN space, for more information see [1,2,7,9].
In this paper, we shall consider the space of all distance probability distribution functions (brieﬂy, d.f.’s), namely the
set of all left-continuous and nondecreasing functions from R into [0,1] such that F (0) = 0 and F (+∞) = 1; where, R :=
R ∪ {−∞,+∞}. The spaces of these functions will be denoted by Δ+ , while the subset D+ ⊆ Δ+ will denote the set of
all proper distance d.f.’s, namely those for which −F (+∞) = 1, where, − f (x) := limt→x− f (t). The space Δ+ is partially
ordered by the usual pointwise ordering of functions i.e., F  G if and only if F (x)  G(x) for all x in R. The maximal
element for Δ+ in this order is the d.f. given by
0 =
{
0 if x 0,
1 if x > 0.
A triangle function is a binary operation on Δ+ , namely a function τ : Δ+ × Δ+ → Δ+ that is associative, commutative,
nondecreasing in each argument and which has 0 as unit, viz. for all F ,G, H ∈ Δ+ ,
τ
(
τ (F ,G), H
)= τ (F , τ (G, H)),
τ (F ,G) = τ (G, F ),
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τ (F , 0) = F .
Continuity of a triangle functions means continuity with respect to the topology of weak convergence in Δ+ . Triangular
functions are recursively deﬁned by τ 1 = τ and
τn(F1, . . . , Fn+1) = τ
(
τn−1(F1, . . . , Fn), Fn+1
)
for n 2.
Typical continuous triangle functions are τT (F ,G)(x) = sups+t=x T (F (s),G(t)) and τT ∗(F ,G) = infs+t=x T ∗(F (s),G(t)), where
T is a continuous t-norm, i.e. a continuous binary operation on [0,1] that is commutative, associative, nondecreasing in
each variable and has 1 as identity, and T ∗ is a continuous t-conorm, namely a continuous binary operation on [0,1] which
is related to the continuous t-norm T through T ∗(x, y) = 1− T (1− x,1− y). Instances of such t-norms and t-conorms are
M and M∗ , respectively, deﬁned by M(x, y) = min(x, y) and M∗(x, y) = max(x, y).
Deﬁnition 1.1. Let τ1 and τ2 be two triangle functions. Then τ1 dominates τ2, and we write by τ1 	 τ2, if for all
F1, F2,G1,G2 ∈ Δ+ ,
τ1
(
τ2(F1,G1), τ2(F2,G2)
)
 τ2
(
τ1(F1, F2), τ1(G1,G2)
)
.
In 1993, Alsina, Schweizer and Sklar gave a new deﬁnition of a probabilistic normed space [1] as follows:
Deﬁnition 1.2. A probabilistic normed (brieﬂy PN) space is a quadruple (V , ν, τ , τ ∗), where V is a real vector space, τ and τ ∗
are continuous triangle functions, and ν is a mapping from V into Δ+ such that, for all p,q in V , the following conditions
hold:
(N1) νp = 0 if and only if p = θ , where θ is the null vector in V ;
(N2) ν−p = νp, for each p ∈ V ;
(N3) νp+q  τ (νp, νq), for all p,q ∈ V ;
(N4) νp  τ ∗(ναp, ν(1−α)p), for all α in [0,1].
If the inequality (N4) is replaced by the equality νp = τM(ναp, ν(1−α)p), then the PN space is called a Šerstnev space and,
as a consequence, a condition stronger than (N2) holds, namely
νλp(x) = νp
(
x
|λ|
)
,
for all p ∈ V , λ 
= 0 and x ∈R.
Lemma 1.3. (See [2].) If |α| |β|, then νβp  ναp for every p in V .
Deﬁnition 1.4. Let (V , ν, τ , τ ∗) be a PN space. For each p in V and λ > 0, the strong λ-neighbourhood of p is the set
Np(λ) =
{
q ∈ V : νp−q(λ) > 1− λ
}
and the strong neighbourhood system for V is the union
⋃
p∈V Np where
Np =
{
Np(λ): λ > 0
}
.
The topology generated by this system is called the strong topology.
Theorem 1.5. (See [2].) Every PN space (V , ν, τ , τ ∗), when it is endowedwith the strong topology induced by the probabilistic norm ν ,
is a topological vector space (shortly a TVS) if and only if, for every p ∈ V the map from R into V deﬁned by
α → αp
is continuous.
The strong neighbourhood system for V determines a Hausdorff topology for V .
Deﬁnition 1.6. Let (V , ν, τ , τ ∗) be a PN space, a sequence {pn}n in V is said to be strongly convergent to p in V , if, for
each λ > 0, there exists a positive integer N such that pn ∈ Np(λ), for n N . Also the sequence {pn}n in V is called strong
Cauchy sequence if for every λ > 0, there exists a positive integer N such that νpn−pm (λ) > 1− λ, whenever m,n > N . A PN
space (V , ν, τ , τ ∗) is said to be strongly complete in the strong topology if and only if every strong Cauchy sequence in V is
strongly convergent to a point in V .
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Theorem 1.8. Let (Vi, νi, τ , τ ∗), i = 1, . . . ,n, be PN spaces under the same two triangle functions τ , τ ∗ and τ ∗ 	 τ1 and τ1 	 τ . If
V = V1 × · · · × Vn, and ηp = τn−11 (ν1p1 , . . . , νnpn ), where p = (p1, . . . , pn), then (V , η, τ , τ ∗) is a PN space.
Proof. By Theorem 7 of [5] and induction the proof is straightforward. 
In the last theorem if V = Rn then by Theorem 1.7 the TV PN space (Rn, η, τ , τ ∗) is complete.
Lemma 1.9. (See [8].) Let (V , ν, τ , τ ∗) be a PN space and let ν(V ) ⊆ D+ . Let Pλ : V → R+ ∪ {0} deﬁned by
Pλ,ν(p) = inf
{
x > 0: νp(x) > 1− λ
}
,
for each λ ∈ ]0,1[. Then Pλ,ν(kp) = |k|Pλ,ν(p) for any p ∈ V and k ∈R. Also, νpn−p → 0 if and only if Pλ,ν(pn − p) → 0.
2. Finite dimensional PN spaces
Theorem 2.1. (See [6].) Let {p1, . . . , pn} be a linearly independent set of vectors in a PN space (V , ν, τ , τ ∗) that is also a TV. Then
there exist a positive number c 
= 0 and a probabilistic norm ν ′ : R → Δ+ of the real PN space (R, ν ′, τ ′, τ ′∗), which is also a TV space,
such that for every choice of n real scalars α1, . . . ,αn,
να1p1+···+αn pn  ν ′c(|α1|+···+|αn|).
From now on all the ﬁelds are TVS (for more details see [6]).
Deﬁnition 2.2. Two probabilistic norms ν : V → Δ+ and μ : V → Δ+ are said to be equivalent if for every sequence {pm}
in V , pm
ν−→ p if and only if pm μ−→ p.
Theorem 2.3. (See [6].) If V is a ﬁnite dimensional vector space, then any two probabilistic norms ν of (V , ν, τ , τ ∗) and μ of
(V ,μ, τ ′, τ ′∗) are equivalent, whenever every two PN spaces are TVS.
3. Completeness results
Deﬁnition 3.1. (See [3].) A linear operator T : (V , ν, τ , τ ∗) → (V ′,μ,σ ,σ ∗) is said to be strongly bounded if there exists a
constant h > 0 such that, for every p ∈ V and for every x > 0,
μTp(x) νp
(
x
h
)
,
or, equivalently, if there exists a constant h′ > 0 such that, for every p ∈ V and for every x > 0,
μTp(h
′x) νp(x).
Note that, if ν(V ) ⊆ D+ and μ(V ′) ⊆ D+ from Lemma 1.9 and Deﬁnition 3.1 we conclude that a linear operator
T : (V , ν, τ , τ ∗) → (V ′,μ,σ ,σ ∗) is strongly bounded if there exists a constant h > 0 such that, for every p ∈ V ,
Pλ,μ(Tp) Pλ,ν(hp).
It is shown in [3, Theorem 3.3] that if T : (V , ν, τ , τ ∗) → (V ′,μ,σ ,σ ∗) is strongly bounded then it is continuous with
respect to the strong topologies in (V , ν, τ , τ ∗) and (V ′,μ,σ ,σ ∗). In the next theorem we prove the converse.
Theorem3.2. Let T : (V , ν, τ , τ ∗) → (V ′,μ,σ ,σ ∗) be a linear operator. Suppose that T is continuous, ν(V ) ⊆ D+ andμ(V ′) ⊆ D+ ,
then it is strongly bounded with respect to the strong topologies in (V , ν, τ , τ ∗) and (V ′,μ,σ ,σ ∗), respectively.
Proof. Let the linear operator T be continuous but not strongly bounded. Then, for each n in N, there is an element pn
in V such that Pλ,μ(Tpn) nPλ,ν(pn). If we let
qn = pn
nPλ,ν(pn)
then it is easy to see that qn → θ but Tqn does not tend to θ . 
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and both T and T−1 are continuous. Two PN spaces (V , ν, τ , τ ∗) and (V ′,μ,σ ,σ ∗) for which such a T exists are topologi-
cally isomorphic.
Lemma 3.4. A linear operator T : (V , ν, τ , τ ∗) → (V ′,μ,σ ,σ ∗) is a topological isomorphism if T is onto and there exist constants
h,k 
= 0 such that νp(hx)μTp(x) νp(kx).
Proof. See Theorem 3.4 and Corollary 3.3 of [3]. 
Corollary 3.5. A topologically isomorphism preserves completeness.
Theorem 3.6. Every linear operator T from a ﬁnite dimensional TV PN space (V , ν, τ , τ ∗) into a TV PN space (V ′,μ, τ , τ ∗) is
continuous.
Proof. Let τ1 be a triangular function such that τ ∗ 	 τ1 and τ1 	 τ . Deﬁne
ν ′p = τ1(νp,μTp). (3.1)
Then (V , ν ′, τ , τ ∗) is a PN space, because:
(N1) Let θ be the null vector of V , then ν ′θ = τ1(νθ ,μT θ ) = τ1(0, 0) = 0, and ν ′p = 0 implies τ1(νp,μTp) = 0;
consequently νp = 0 then p = θ .
(N2) is obvious.
For (N3) and (N4) one has
ν ′p+q = τ1(νp+q,μTp+q) τ1
(
τ (νp, νq), τ (μTp,μTq)
)
 τ
(
τ1(νp,μTp), τ1(νq,μTq)
)= τ (ν ′p, ν ′q)
and
ν ′p = τ1(νp,μTp) τ1
(
τ ∗(ναp, ν(1−α)p), τ ∗(μαTp,μ(1−α)Tp)
)
 τ ∗
(
τ1(ναp,μαTp), τ1(ν(1−α)p,μ(1−α)Tp)
)
= τ ∗(ν ′αp, ν ′(1−α)p).
Now, let pn
ν−→ p0 then by Theorem 2.3 pn ν
′−→ p0 but by (3.1), μTp  ν ′p then Tpn
μ−→ Tp0. Hence T is continuous. 
Note that, in the last theorem, if (V ′,μ, τ , τ ∗) is not a TVS, then T may not be continuous, see the next example.
Example 3.7. Let T be a linear operator of TV PN space (R, ν, τ , τ ∗) with probabilistic norm νp = |p| where τ (c, d) = c+d
(c > 0, d > 0) and τ  τ ∗ (see [3, Example 1]) into PN space (V ′, ν, τ ,M), where M is the maximal triangle function,
and the probabilistic norm is a map ν : V ′ → Δ+ such that ν0 = 0, νp =  a+‖p‖
a
if p 
= θ (a > 0), and τ (c, d)  c+d
(c > 0, d > 0) (see [4, Theorem 4]). Let sequence {pn}n be convergent to p it is clear that the sequence {Tpn}n is not
convergent in the second PN space. Hence T is not continuous. Note that the second PN space is not a TVS.
Corollary 3.8. Every linear isomorphism between ﬁnite dimensional PN spaces (V , ν, τ , τ ∗) and (V ′,μ, τ , τ ∗), both of which are TV
spaces, is a topological isomorphism.
Corollary 3.9. Every ﬁnite dimensional PN space (V , ν, τ , τ ∗) that is also a TV space is complete.
Proof. By the last corollary (V , ν, τ , τ ∗) is topologically isomorphism to TV PN space (Rn, η, τ , τ ∗) where p = (p1, . . . , pn),
ηp = τn1 (νp1 , . . . , νpn ), τ ∗ 	 τ1 and τ1 	 τ . Since (Rn, η, τ , τ ∗) is complete and since a topological isomorphism preserves
completeness then (V , ν, τ , τ ∗) is complete. 
4. Light convergence
Deﬁnition 4.1. Let W be the set of all continuous linear functionals of PN space (V , ν, τ , τ ∗) into PN space (R,μ,σ ,σ ∗).
A sequence {pm} in a PN space (V , ν, τ , τ ∗) is said to be lightly convergent to p ∈ V if there exists p ∈ V such that for every
f ∈ W ,
μ f (pm)− f (p) → 0,
brieﬂy we shall write pm
L−→ p.
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Theorem 4.2. Strong convergence implies light convergence with the same limit.
However, the converse of the last statement is not generally true. Consider, to this end, the following example.
Example 4.3. Consider a linear functional f of the PN space (R, ν, τ ,M), where M is the maximal triangle function, and the
probabilistic norm is a map ν : R → Δ+ such that ν0 = 0, νp = (a+|p|/a) if p 
= 0 (a > 0), and τ (c, d) c+d (c > 0, d > 0)
(see [4, Theorem 4]), into the PN space (R,μ, τ ,M), where the probabilistic norm μ : R → Δ+ is deﬁned by μp = |p|/(a+|p|)
for every p in R and for a ﬁxed a > 0, with μp(+∞) = 1 (see [4, Theorem 5]) then f is continuous and light convergence
does not imply strong convergence.
Theorem 4.4. Let the PN spaces (V , ν, τ , τ ∗) and (R,μ,σ ,σ ∗) be TV spaces. Then, if dim V < ∞, light convergence implies strong
convergence.
Proof. Let pm
L−→ p and dim V = n. Let {e1, . . . , en} be a basis for V , then
pm = α1,me1 + · · · + αn,men
and p = α1e1 + · · · + αnen . By assumption, for every f ∈ W ,
μ f (pm)− f (p) → 0.
Let f j , 1 j  n are linear functionals deﬁned by f j(e j) = 1 and f j(ei) = 0 (i 
= j). Therefore f j(pm) = α j,m and f j(p) = α j .
Since, by Lemma 1.3 and Theorem 2.1,
νp μ′c(|α1|+···+|αn|) μ
′
c|α j |,
then f is continuous and f ∈ W . Since, μ f j(xm)− f j(x) → 0 so μα j,m−α j → 0 and, since the spaces considered are TV, this
implies α j,m → α j . Hence
νpm−p = ν∑nj=1(α j,m−α j)e j  τn(ν(α1,m−α1)e1 , . . . , ν(αn,m−αn)en ) → 0,
as m → ∞. This shows that {pm} strongly converges to p. 
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